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1 Introduction

Conceptual design and schema integration are among cen-
tral issues in the DB area. Their significance is commonly
recognized and to date has increased greatly due to the ev-
ident tendency of organizing modern (and of the nearest
future) information systems on cooperative principals. In-
deed, for cooperative systems (CIS) it is normal that an
application program needs data stored in several separate
databases (DBs). In addition, a peculiarity of CIS consists in
heterogeneity of local DB systems caused by orientation at
different level applications, and/or by the autonomy of their
origin and initial development. So, heterogeneuos multibase
integration appears as a fundamental issue of CIS function-
ing. In particular, in the context of federated database sys-
tems (FDBS) , integration is a function regularly performed
at different levels and by different services depending on the
organization of the FDBS environment.

The value of the problem is well known, various ap-
proaches, techniques and sometimes tools were proposed
(see, eg, [7, 22, 35, 36, 30, 29, 26] and surveys [2, 27]). In
spite of the diversity of approaches, several common points
can be well identified. Integration consists of schema inte-
gration — composing a global schema from the set of local
ones, and data integration — computing virtual extension of
the global schema. Schema integration is the key issue: its
correctness determines the correctness and effectiveness of
the second phase.

Despite the large body of work done in the area, several
fundamental questions remain unanswered, moreover, often
they have not been stated at all. In particular, it remains
open whether a given view definition language or a corre-
spondence assertions language are sufficient for specifying
the variety of all practically possible situations of local DB
overlapping.

The question is immediately connected with an extremely
important issue of classifying conflicts between local schemas
in their representation of the overlapping information. It is
well known that the same data can be structured in dif-
ferent ways, and resolving such structural conflicts between
representations is the key for correct integration. In fact,
a methodology of integration is mainly determined by the

treatment and the taxonomy of conflicts it adopts. Several
approaches were proposed ([7, 19, 28, 30] and others), the
most fundamental to date research is [29] where a taxonomy
distinguishing semantic, descriptional, structural and het-
erogeneity conflicts was developed. It appears however that
this is rather a substantial description of various situations
leading to conflicts (and, indeed, it properly encompasses
the diversity) than a precise formal specification capable to
support automated integration.

Speaking in general, it appears that resolution of struc-
tural conflicts within a sufficiently rich data model is still a
challenge. The more so is for heterogeneuos conflicts where
it seems little was done apart from setting the problem and
several declarations.

In the paper [6] we have proposed a new approach to
schema and database integration based on a special graphi-
cal yet formalized specification language generalizing the so
called sketchesdeveloped in categorial logic ([1] is a standard
reference). In this approach a conceptual database schema
is a generalized sketch, that is, a directed multigraph (fur-
ther simply a graph) in which some diagrams (of nodes and
arrows) are labeled by special markers. In addition, queries
against the schema are coded by diagram operations which
are denoted by labeling corresponding diagrams with spe-
cial operation markers. In other words, we have a graphical
mechanism for denoting query-determined derived items of
a conceptual schema.

On this basis we have shown that structural and het-
erogeneity conflicts between local schemas are reduced to
well understood difference between basic and derived data:
items of the conceptual schema of one view considered there
as basic can be safely considered as derived in another view.
On the other hand, semantic and descriptional distinctions
between views can be specified by an additional correspon-
dence information sketch, Scr. We have demonstrated that
in such a setting overlapping between views can be com-
pletely specified by a finite set of equations, Fcr, between
items of local sketches (including Scr). The sketch S, is
syntactically tsimilar to local schemas so that integration of
n local schemas turns into disjoint merging n + 1 sketches,
S1,...,8n, Sny1 with Sny1 = S, , and factorizing the re-
sult by the congruence generated by E_, (ie, gluing together
certain items of the merge according to the E_,-equations).

Quasi-formally, the result of the above-mentioned ma-
nipulations can be described as

where S;’s denote results of extending local sketches with
derived items and Sy is the result of merging.



Actually this procedure is performed in two steps. The
first one consists in disjoint merging (n+ 1) graphs underly-
ing local sketches and then factorizing the merge according
to E_,-equations (this step can be performed in a fully au-
tomatic way). The second step consists in converting the
integrated graph into a sketch integrating diagram markers
from the local sketches. However, here diagram conflicts can
arise, and these are real conflicts between views which can
bring to light inconsistency of views!

Together with the integrated sketch S7, the integration
procedure determines mappings from local sketches

7. S; — Sr

In addition, images of these mappings cover St so that
each of its nodes or arrows belongs to 0'_1'(5'1) for at least one
1.

The present paper is the companion of [6] aiming at a
more mathematically developed presentation of schema inte-
gration. Indeed, it was demonstrated in [6] that the problem
admits a natural algebraic treatment on both levels: the ex-
ternal level of metadata modeling (algebra of schemas and
views) and the internal level of data modeling (algebra of
schema and database components, eg, relational algebra).

The relevance of algebraic framework for the internal as-
pects of DB theory is well known and goes back to the clas-
sical Codd’s papers. In particular, a consistent algebraic
basis for the high-level theoretical foundation of relational
DB theory was developed in [24]; and algebraic treatment of
more application-oriented issues was displayed in [31]. How-
ever, semantic issues like integration need graph-oriented al-
gebraic machinery. Elaboration of the corresponding frame-
work of basic definitions is a focus of the present paper (see
also [13]). We emphasize however that as it is demonstrated
in [6] the machinery is extremely useful also for practical
tasks, and makes it possible to extract a concrete method-
ology and algorithm for automated heterogeneuos schema
integration. We have called the approach AGO since its
two principal characteristics are Algebraicity and Graph-
Orientedness.

As for the external level of metadata modeling, only few
attempts were made to develop a formalized metatheory
of databases. Among them are papers [18, 33, 10, 15, 32]
where a mapping-oriented (arrow) approach to the problem
was suggested (see also a manifest [4]). In the present pa-
per we show that the arrow machinery allows to formulate
precisely multi-base interoperability issues in a polymorphic
style when data models are parameters. For example, the
expression for 'S7 above can be considered as an abbreviation
of a certain composition of operations in the metagraph of
schemas which are commutative and associative. This im-
mediately proves the latter properties for the integration
operation as a whole (which might be compared with rather
involved reasoning on this fact in [3]).

The rest of the paper is organized as follows. In section
2 we present several concrete examples of semantic model-
ing via sketches, in particular, familiar aggregation, gener-
alization and grouping constructs. A simple demonstrating
example of schema integration is considered in section 3.
In section 4 a mathematical framework for the integration
problem is discussed and some principal lines are pointed
out. Methodologically, this section is the focus of the paper.
The last three sections present basic definitions and state-
ments in each of directions outlined in section 4. Among
them the most mathematically interesting is section 5 where
construction of composing diagram operations is examined

and a graph-based parsing is introduced. The latter pro-
vides theoretical basis for an intelligent graphical editor for
schema integration.
Acknowledgements. The subject of the paper was numer-
ously discussed during our seminars on DB design at Frame
Inform Systems. 1 am indebted to Sergey Ageshin, Ilya
Beylin and Boris Cadish for fruitful discussions and stim-
ulating criticism.

Special thanks to Ol’'ga Tkacheva for TeXing a lot of
diagrams contained in the paper.

2 Data modeling via sketches

Even an overall glance at graphical images currently used
in semantic modeling shows an abundance of various kinds
of conventional graphical constructs, symbols, labels and
markers. Every specialist in semantic modeling and every
DB designer uses that kind of semantic schemas which one
finds more suitable and convenient for one’s purposes. This
is natural as well as reasonable, however, some problems
arise.

First of all, a natural theoretical question whether the
existing collection of modeling constructs is sufficient for
specifying all possible semantic constructions, ie, whether
it is complete in some sense, and what ’sense’ should we
mean here? Another problem is the universality of view in-
tegration techniques and tools, that is, their independence
of data model. At last, the field strongly needs a data
definition/manipulation language combining evidence and
user-friendliness of graph-oriented object semantic models
together with formal rigor and clearness of relational mod-
els.

We firmly believe that the sketch-based approach pro-
vides a proper (with respect to managing heterogeneity )
universal framework for data modeling and view integra-
tion. By suggesting this idea we do not want to force all DB
designers to use the same universal specification language;
let everyone use that collection of markers he likes. What we
actually suggest concerns what must be marked in semantic
schemas.

Indeed, in the majority of semantic schemas in use, par-
ticularly, in ER-diagrams which became a kind of the de
facto standard in the area of conceptual design and mod-
eling, in order to specify the intended semantic meaning of
a given node N of a schema, one marks the very node N
by a corresponding label. For instance, in the ER-standard
to specify a node as a relation, ie, as a set of relationship
objects (tuples), one labels it by a diamond. However, if an-
other user perceives the same data objects as entities, he/she
labels the corresponding node in his schema by a rectangle.
How must be the node N of the integrated schema labeled?

One can observe that structural conflicts like above are
caused by determining internal structure of a set via deter-
mining the structure of its elements: a relation is a set of
tuples, a powerset is a set of subsets etc.

In contrast to thinking in terms of elements, the category
theory paradigm of arrow thinking suggests to specify inter-
nal structure of elements of a given set by characterizing
(labeling) the corresponding diagram of functions adjoint to
the set. Here is a very simple example: sketch specification
of relations.

Under a source we will mean a set, say, X, equipped with
a family F of functions, f;: X — Y;, : = 1,...,n. Then
one has the function f = [fi...fu]: X — Y1 x...x Y,
determined in the standard way: fz = [fiz,..., faz]. It is
easy to see that f will be injective, ie, X will be actually a
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Figure 1: Several simple sketches

relation up to isomorphism, iff the family F is separating,
that is, satisfies the following separation condition: Vz,z’ €
X, z # z' implies fi(z) # fi(z') for some fi.

So, to specify a set as a set of tuples one can safely leave
the very set without imposition of any constraints but con-
strain instead the corresponding source of outgoing func-
tions to be separating.

Correspondingly, on the syntax level, to specify a node as
a relation one can safely leave the node without any mark-
ing but mark instead the corresponding source of outgoing
arrows by a label (say, an arc) denoting the separation con-
dition (actually, this is nothing but a well known idea of
designating a key of a relation).

Thus, the leftmost sketch on Fig.1 describes the node X
as a ternary relation. We mean that for any extent mapping
e which assigns sets X, Y to the corresponding nodes, and
functions f; to the corresponding arrows (j = 1,2,3), if ¢
satisfies the constraint expressed by the arc marker, ie, if
(f5, 7 =1,2,3) is a separating family, then X* is a relation
(up to isomorphism). Further we will explain sketch markers
in a semi-formal way without accurate distinguishing syntax
and semantics levels. It is hoped that precise formulations
can be easily built according to the example above.

A collection of diagram markers is presented in Table
1. Then, for example, the following five pictures (sketches)
on Figure 1 explain the node X as a relation, disjoint sum
(coproduct), union, the image of a given function, and a
subset of the powerset (of Y') respectively.

A great advantage of the sketch specification language is
that it is (provably!) universal: it follows from general re-
sults of categorical logic that any formal data specification '
can be replaced by an equivalent sketch of some appropriate
type. So, sketches provide a real possibility to handle het-
erogeneity in a consistent (and effective, as we see below)
way.

In addition, rigor semantics of sketches makes it possi-
ble to distinguish in the general integration procedure those
parts which can be fully automated and those that have to
be performed by an integrating person (DBA). In its turn,
the latter phases can be also computer-aided and, on the
whole, the sketch framework brings to light limitations and
possibilities of automation in schema and data integration.

I That is, such a specification which, in principle, can be written
down by a conventional formal language of the modern mathematics

On the other hand, our experience has shown that sketches
turn out to be very handy as a machinery for semantic mod-
eling and integration. In particular, they are convenient for
semi-automated phases of integration being performed in a
interactive mode. In addition, since the sketch treatment of
integration is essentially algebraic several extensive integra-
tion steps can be reduced to formal algebraic manipulations
with terms and equations which provides their effective com-
puter realization.

3 An example of view integration via sketches and
equations

To demonstrate main features of the approach we suggest we
will consider a slight modification (convenient for expository
purposes) of the "library example” of schema integration
described in the survey [2].

Two views (universes of discourse) are presented by ER-
diagrams depicted on Fig.2. We suppose further that views
are overlapped as follows: ‘BOOK’s are ‘PUBLICATION’s and
semantics of the left view relation ‘BOOK’ — ‘PUBLISHER’
coincides with semantics of the right view attribute ‘Pub-
lisher’. Further, ‘TOPIC’s are embedded into ‘KEYWORD’s in
a one-one way such that their attributes ‘Name’ and ‘ Code’
coincide and instances of relationship between ‘BOOK’s and
‘TOPIC’s are also relationships between ‘PUBLICATION’ and
‘KEYWORD’.

The key question for automated integration is how to
express the information describing schema correspondence
in a formal way so that it can be put into computer.

First of all, we convert ER-diagrams into sketches as pre-
sented on Fig.3 and add to them the sketch specifying that
”books are publications”. Nodes with typewriter names are
predefined value domains whose semantics is a priori known
to the DBMS. Rectangle nodes are abstract classes whose
extensions should be stored in the DB. ?

Now, to specify that semantics of the left view relation
from ‘BOOK’s to ‘PUBLISHER’s coincides with semantics of
the right view attribute ‘ Publisher’ we proceed as follows.

We extend the correspondence sketch with derived arrow
pbr# equal to the composition bap; publr (Fig.4): marker (=)
hung on the corresponding diagram just denotes this defi-
nition. Then, in order to obtain a relation between ‘Book’s
and ‘Publication’s we apply the operation PB to the couple
of arrows (pbr# , pname) % and then specify that the result-
ing relation (pbr”,bk’) is just the relation ‘B-P’ from the
left schema by writing equations (4,5,6) into the table of
correspondence equations on Fig.4

It would be convenient to picture initial sketches by one
colour, say, black, and their derived components - by another
colour, say, green. For typographical reasons, we replace
green-painting derived items by hanging various superscript
(like’,” ,*, ,# etc.) on their names. In addition, derived
nodes and arrows obtained simultaneously by applying some
operation are marked with the same superscript, and the
same superscript labels the very marker of the operation.

2For AGO, Int and {M,F} are markers (in our precise sense), hung
on corresponding nodes, that is, constraints imposed on their intended
semantic interpretations. At the same time, 'Book’ is a name labeling
the node without imposing any constraints.

3 The sketch notation for some graph-based operations is presented
in Tabl.??. Each operation is specified by its output sketch, Sout,
containing a designated input subsketch, S;,. Semantics is as fol-
lows: if an extension of S;, is given, then extensions of the output
items belonging to S,u+ \ Sin can be computed by the corresponding
procedure. Thus, Table 7?7 presents a graph-based query language.



[Toric ] ——

iz’\’ame

&R

T —

&5

Area
— Name
Code —_—
Code
Title
Title @‘
— Pubtisher
Name

PUBLISHER | —— Address

Figure 2: Two ER-schemas to be integrated

tnagp, |I&'e word | —_— | Inte
Eon Y ger
)“O/ \ &X 'n!thze
et
|String] —
do\
. P
title ),
Book] — 1+ [serig] SN
\4/ ublication — String
A} Publyy
o qne
,\A /‘\)11
Publisher | ——— |Strin
address
Sl 52
Figure 3: Transforming ER-schemas into Sketches
- - tak™ -
BKword" | ———= | Keyword
*
" §d’ No Sc] 51 52
yv <Img>* \Fv\\} 1 Book Book
bap' 2 Publn Publication
oy 1o 3 publr publr
(B T) P-K ) (B - P)" (B - P)
bir &6, 5 bk bk
CoIm) 2
< o m> 6 pbr’! pr
- bk bap 7 Keyword Keyword
5Py ;|
" 9 pbn publn
br!! PB bT# 10 bk’ bo
p < > P 11 kwd® to
12 bap;title title
13 tak®;code code
- pname - 14 | tak™;kname | tname
Publisher | —»

Extended correspondence sketch, Scr

Figure 4: Specifying Correspondence Information via Equations

Correspondence equations, Fcr




(l

Y
kY {Img)” 4{ ’2(\7;,}6

(=17 F [P=A]

24,
7 (CoIm) 2
"/ ba
(B - P)" :p> Publication

~
publr 22z,

"

pbr

A
= name
Publisher P

Mapping o1: S1 — Sr Mapping o2: Sz — S
S1 to bo | bk | pr code name title || Sz || keywd | publn | publr | title
S w r ak*: code | tak*; kname | bap: title | ... || S w n r itle
St || kwd* | bk’ | bk | pbr* | tak™;code | tak™; k bap; tatl S kwd pb pb tatl
Full integrated sketch, Sr, and mappings of local sketches to it
Figure 5: Integration, A: Merging and Factorizing
area ta
String | «—— | Topic => Keyword Integer
[zopic” ] = —2% [inveger]
Zq,)le
Fx
b .
$> Publication ile’ String
publr
String
o
Generating sketch, St
Topic = Im(bap’;kwd) = Im(a.Colm(pbn,bap);kwd)

Equational constraints

Figure 6: Integration, B: Removing Redundant Derived Items




In the similar way we specify the remaining part of the
correspondence information by augmenting sketches with
derived items and writing correspondence equations into the
table as presented on Fig.4.

Thus, we have specified correspondence between views in
a formal way and, moreover, our correspondence assertions
are equations - this point has far going consequences.

We would like to emphasize that neither the correspon-
dense sketch Scr nor the set of correspondence equalities
Ecr cannot be built automatically. Only the integrating
person (DBA) possesses the information on inter-schema
correspondence and carries the responsibility of specifying
this information, that is, of setting the sketch Scr and equal-
ities Ec 7. However, the very process of building sketches can
be supported by an intelligent graphical editor. In particu-
lar, augmentation of sketches with derived items can be as-
sisted by a built-in parsing checker for verifying correctness
of hanging operation markers: input items of an operation
should be among output items of preceding operations (we
will return to this point at section??).

The next step of the integration process can be per-
formed automatedly. It consists in glueing together those
nodes and arrows that appear in the correspondence equa-
tions (in fact, this is nothing but taking the quotient of the
disjoint sum of graphs by the congruence generated by the
equations). A resulting glued node/arrow is coloured by
green iff at least one of its origins is green. The result of
glueing is presented on the Fig.5 and can be denoted by
S1=(S1®S2® Sc1)/Ecr where, as usual, the symbol 7 /7
denotes the operation of taking the quotient The name the
full integrated sketch refers to the fact that this sketch con-
tains all the necessary information and, in addition, some
derived (green) information.

Actually, while merging the sketch graphs can be per-
formed in a fully automatic way, converting the merge graph
into a sketch (by hanging markers on the corresponding di-
agrams) needs human assistance (and, in general, is unde-
cidable — we will briefly discuss these questions further at
section ?7).

To end the integration DBA must choose a subsketch
S; of the full sketch s.t. all items of S; not contained in
S1 can be extracted from the latter by means of operations
from some prescribed list. We will call such subsketches
generating (Fig. 6)

Note, the derived (green) node 'Topic’ cannot be re-
moved since it is the source of the basic (black) arrow ’area’
This implies imposing a special equational constraint on the
integrated sketch written down on Fig.6. *

Certainly, there are different possibilities of choosing gen-
erating subsketches and we cwill discuss this point in more
detail at section 4.

4For exposition purposes, in contradistinction to the survey [2]
we did not assume that the the class ‘Keyword has the attribute
‘Area’ and then this attribute must be assigned to the class ‘Topic’
immediately. This explains the difference between upper halfs of our
integrated schema and that one obtained in the survey. However, the
difference in lower halfs (as is shown on Fig.7needs explanation since
our assumptions on semantics behind this fragment of reality were
the same.

Actually, the integration in the survey is erroneous. Indeed, ac-
cording to the right ER-diagram, the atrribute ’address’ is defined
for publishers of all kinds of publications, not only books, but note
that the second view does not assume the attribute address for pub-
lishers, while in the first view there are no publishers of publications
other that books.

Amusingly that we spent a lot of time in thinking why our formal
integration algorithm gives incorrect result

4 Discussion: mathematical aspects of schema in-
tegration

4.1 Graph-based algebras. The simple example just
described clearly demonstrates that schema integration leads,
in general, to database specifications (schemas) consisting
of a structural component (sketch, ER-diagram etc) cou-
pled with a collection of equational constraints expressing
equality of certain queries against the structural schema.
We will call constraints of such a type equational query de-
pendencies (eqd). Speaking algebraically, such specifications
are nothing but the well known way of defining algebras by
generators and defining relations. However, while in the
ordinary universal algebra one deals with operations over
elements and generating collections of elements, here we
deal with generating collections of sets and functions (spec-
ified by graphs carrying sketches) and operations over dia-
grams of sets and functions (specified by diagram markers
in sketches).

We see that in contrast to the classical relational alge-
braic treatment of databases, semantic issues like schema
integration naturally lead to considering finitely presentable
(fp) graphical algebras (of sets and functions), and we be-
lieve that a lot of DB-theoretical problems could be properly
stated and examined in this framework.

The subject of fp-algebras is an established focus of uni-
versal algebra (see, eg, standard textbooks by P.Cohn or
G.Grétzer) and category theory as well (see [25] for a mod-
ern survey), and large bodies of results are known in both
disciplines. However, as a whole they cannot be utilized
for DB-theory purposes in a immediate way. Indeed, the
universal algebra technique is not suitable since the sub-
ject needs graph-based algebraic machinery. On the other
hand, the standard categorial framework of finitary monads
over locally fp categories is not suitable due to internaliza-
tion of too many constructs, including signatures of opera-
tion symbols and their arities: as we have seen, the subject
needs another framework where algebra carriers and opera-
tion arities are internalized (ie, considered fp-objects in an
arbitrary base category) while the very signatures are exter-
nal sets (maybe, with an additional structure) of operation
symbols and should not be considered as objects of the base
category.

Thus, what we really need is a graph-based counterpart
of the ordinary universal algebra. The main difficult here is a
proper construction of composing diagram operations whose
arities are couples of graphical schemas specifying complex
data structures. A framework of basic definitions and state-
ments (including sketch parsing) will be briefly outlined at
section 5 (see also [13]) and this is the main technical con-
tribution of the paper.

Remark. Several attempts to develop a graph-based al-
gebraic machinery were made in category theory (see [34, 25]
for a survey). However, all of them deal with a fixed small
collection of standard diagram markers denoting universal
construct sufficient to constitute toposes. In contrast, for
semantic modeling issues like heterogeneuos schema inte-
gration one needs to deal with arbitrary collections of di-
agram markers and operations (very much similar to arbi-
trary vocabularies in mathematical model theory). In this
respect the approach proposed by Makkai [20] is more suit-
able. However, Makkai’s paper addresses to completeness
theorems in the classical sense, whereas integration focuses
on query operations and query completeness, ie, definabil-
ity in the sense of Beth (see [9]). That is why we use the
algebraic framework of diagram operations and graphical al-
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gebras whenever is possible whereas Makkai works with di-
agram predicates and diagram inference (cone injectivity);
in other words, we are interested in algebra of proofs while
Makkai — in provability.

Another limitation of usual categorical approaches to
data modeling is that for category theory it is standard to
treat subset relationships via monic arrows which is not rel-
evant. Actually, ISA-arrows constitute a distinguished sub-
category (in fact, a dominion in the sense of Robinson and
Rosolini ) and to consider them just monics is actually to
sidestep the problem.

Thus, development of graph-based logic and algebra suit-
able for DB applications needs a special elaboration and ac-
tually amounts to a new research direction entitled in [9] by
” Algebraic graph-based model theory for computer science”
(see also [8]) which is a graphical and algebraic counterpart
of the direction displayed by Makowsky in [21].

4.2 Metatheory of semantic modeling and schema

integration.  Another algebraic issue whose utility can
be inferred from the example is the construct of closure
derS of a given schema (sketch, ER-diagram efc) S. As
is well known, the same data can be structured in differ-
ent yet equivalent ways. Moreover, if speak about hetero-
geneuos schema integration the issue appears extremely
actual and occurs in various ways. First of all, one can
choose different ways of extending initial sketches to state
their correspondence ( in this respect our example is not
characteristic). Then one would get another full integrated
sketch (FIS), and, correspondingly, get another generating
subsketches. Thus, various choices of equational specifica-
tions of the same correspondence information can lead to
different FISs S_jl, S_IH, El etc and, in addition, there
can be different generating subsketches of the same FIS,
E;,E;*,El*** etc. However, all these sketches are equiva-
lent in the sense of equality of their closures under all derived
information that could be extracted from them with the pre-
scribed set of diagram operations (queries). To speak and
reason about such questions, it is convenient to introduce a
closure operator der acting on schemas (sketches): given a
schema S, derS is the (monstrous) closure of S containing
all possible derived items (whose extensions can be extracted
from the extensions of S-items by queries). Then equiv-
alent information capacity of schemas listed above means
that derEl = derS_JH = derS_]m etc and, for any such S_I’,
derS_]I = derS_Il* = derS_]I** etc.

Certainly, for particular tasks, such as a concrete task of
view integration, we need only finite parts of der.S, however,
the concept of the full closure is very useful. °.

In precise terms what we are speaking about can be
formulated as setting a monad der over some category of
schemas Schema . This constitutes a polymorphic spec-
ification machinery when data model is a parameter: for
Schema one can substitute collections of relational, ER,
extended ER, sketch-based etc schemas and for der some
appropriate query mechanism (relational algebra, a kind of
ER-algebra (see, eg, [23]), sketch algebra etc). This gives rise
to a precise metatheory of semantic modeling and schema
integration constituting a natural framework to handle het-
erogeneuos interoperation issues.

It is characteristic in this respect that such an abstract
theory was invoked at a conference recently organized by
practicians ([16]) where it was underlined that ”... one of the
most difficult problems in developing integrated systems is in
figuring out what schemas, data and application code mean”.
We will address to the issue of stating basic framework of
such a metatheory in section 7

5 Diagram operations over a sketch

Operations over sets are specified by pointing their arities,
eg, successor is an unary operation over the set of integers,
and natural join is a binary operation over the domain of
relations on some predefined list of basic domains. For the
many sorted case, an arity is not a number but a list of
source sorts and a target sort, eg, the pop-operation over
stacks of integers is specified by the arity (’Int’,’Stacks-of-
Int’; *Stacks-of-Int’), and the arity of a projection operation
over relations is, for example, (Relxyz; Relxy).

However, as we have seen, schema integration needs op-
erations over diagrams (of sets and functions). So, the ques-
tion arises what is an arity of a diagram operation, and, in
general, how to specify compositions of such operations .

Below we present foundations of a formal specification
framework for diagram operations over sketches and related
machinery in a extent sufficient to explain skefch parsing
— the main syntactical component of AGO (mentioned at
section 3).

5This is quite similar to the usefulness of the notion of the set
of natural numbers which is nothing but der{0} for the signature of
operations consisting of a single operation successor



Let G be a finite presheaf topos, te, a functor category
of the kind Set® with S a finite category. Asis known, G is
locally finite presentable (Ifp) and, moreover, fp-objects are
exactly the finite ones, that is, those functors F': S — Set
for which F(7) is finite for all 1 € ObjS (see [20] for ba-
sic definitions and results about Ifp categories required for
our presentation). Objects of G should be thought of as
(directed multi)graphs, or 2-graphs, or polygraphs or some-
thing like of the kind. Further we will interchangeably use
terms ‘object’ and ‘graph’ and one can safely think of them
as graph-like objects like mentioned above.

Given a Ifp category C, the collection of all fp-objects
will be denoted by FP(C).

5.1 Definition. (i) A (finitary) sketch type T over G is
defined to be a finite collection M of markers, each assigned
with its arity shape which is defined to be a finite graph (that
is, an fp-object of G ) or a recursively defined collection of
such objects.

The arity Ar(m) of a marker m € M describes the kind
of diagrams on which the marker can be hung (eg, the rela-
tionship arc-marker introduced in section 2 can be hung on
an arrow source, the identity function marker can be hung
on an arrow whose domain and codomain coincide etc, see
Tables 1,2).Thus, T = (M, Ar) where Ar: M — FP(G).

(i) If 7 is a type, a T-skelch is defined to be a couple
S = (G, D) with G a graph (ie, an object of G ) and D =
(Dm, m € M) a family indexed by markers where each D,
is a collection (maybe, empty) of diagrams over G (to be
thought of as marked by m). Certainly, all diagrams in Dy,
have to satisfy the arity condition of m. For a sketch S its
carrying graph will be denoted by |S|.

(iii) Given two 7 sketches S, S’, a sketch morphism from
S to S’ is defined to be a graph morphism h: G — G’ s.t.
for any diagram D € D,, its image h(D) € D}, © for every
m € M. This constitutes the category Sketch,(G) which
is again a finite topos (see [20] for a proof).

A sketch morphism is called inclusion if the underlying
graph morphism is an inclusion. A sketch S’ is defined to
be a subsketch of S if there is an inclusion : S’ & S.

We will often called 7-sketches simply M-sketches having
the arity assignment in mind.

5.2. Markers are constraints imposed on diagrams of sets
and functions, ie, can be considered as diagram predicates.
Among them there are operation-determined predicates ex-
pressing that certain (output) sets and functions are ob-
tained by application of a corresponding procedure to input
sets and functions (see Table 2). For example, labeling
a square diagram by the pull-back marker (PB) means that
the pair of arrows with the common source was obtained
from the pair of arrows with the common target by a cer-
tain procedure called (PB) (whose semantics is described in
the Table 2 ). This is quite similar to introducing, eg, a
ternary predicate (+) s.t. (+)(z,y, z) means that z = z + y.
In addition, it can occur that input data for some operation
are specified by a diagram of sets and functions subjected
to certain conditions. For example, input data for the oper-
ation providing the universal arrow of push-outs, (UAPO in
Table 2) are specified by two arrow squares and one of them
should be push-out while the other should be commutative.

Thus, we assume that our collection of markers is par-
titioned as M = P U O with P a set of predicate (con-
straint) markers and O a set of operation markers s.t. for

6 For the formal understanding diagrams as morphisms §: D — G
where D is the shape of a diagram, h(D) denotes the composition d; h
which is nothing but a diagram over G’ with the same shape D.

each m € P its arity Ar’(m) is an object of G whereas for
each m € O its arity Ar(m) is a m-sketch, ie, an fp-object
of Sketchr(G) where 7 = (P, Ar’). In addition, for ev-
ery m € O a designated subsketch Ar'(m) C Ar(m) is
pointed. The complement object Ar(m)\ Ar'"(m) will be
denoted by Ar°"*(m) . Note, Ar'(m) N Ar°"(m) # @
in general.

Denotational semantics is as follows: for a diagram op-
eration marker m, as soon as data structured according
Ar'™(m) are given then data structured according Ar°"*(m)
can be somehow computed. In other words, the arity of an
operation marker can be considered as a sketch-based spec-
ification of the corresponding procedure.

Correspondingly, an O—algebrais defined to be a P—sketch
A s.t. for any m € O and any P-sketch morphism

e: Arin(m) — A

(to be thought of as an environment) there is a unique sketch
morphism

€: Ar(m) —» As.t. € e

Arin(m) =
where [ denotes the operation of function restriction (the
condition guarantees projection of the input data). Thus,
with every marker there is correlated an operation

m*: Sketch.(( Ar™(m),A)) — Sketch.( Ar®(m) , A))

subjected to the condition above. Clearly, each O-algebra is
a 7-sketch but not the reverse.

Remark Speaking in general, we should consider the sit-
uation when the signature of markers is ordered in a cer-
tain way, and Ar"(m) is a sketch of the type consist-
ing of markers preceding m, their collection is denoted by

m— & {n € M|n < m}. For simplicity, in the present pa-
per we restrict ourselves with a very simple situation when
M =PUO, for any m € Pone has m~ =@ and m~ C P
for any m € O. The general case will be considered in a
forthcoming paper.

The main difficulty in handling diagram operations con-
sists in the diversity of ways they can be composed because
inputs and outputs of such operations are complex data
structures (specified by sketches). So, it is crucial for the ap-
proach to find a proper construction of composing diagram
operations, or, in other words, of a term freely composed
from diagram operations.

In the ordinary universal algebra, a term can be pre-
sented as a tree in a familiar way regardless to its syntacti-
cal presentation (with or without brackets, in prefix, suffix
or infix form efc). So, the key point in handling diagram
operation algebras is to design a proper abstract notion of
a composed diagram operation (term) independent on its
possible syntactical representations.

An appropriate solution was described in [14] where a
specification mechanism treating diagram terms as labeled
trees was proposed (in a close analogy to the tree presen-
tation of composed operations in universal algebra). The
machinery will be elaborated in detail in the forthcoming
paper while in the present one we will just outline briefly
the basic framework to explain sketch parsing.

5.3 Construction. ]
A marker ¢ € O is called a constantif Ar'"(c) = Q.
Each P-sketch X € FP( Sketch,(G) ) determines a

constant cx with Ar(cx) = X and Ar'(cx) = Q.



To set a pool of variables we fix a pool object V € G (of
names) s.t. any finite object of G can be embedded into V.
With any finite subobject X of V we connect the constant
operation marker vx with Ar(vx) = X.

Let OF denotes OU{vx| X is a finite subobject of V'}
5.4 Definition. Let 7 = (P UO, Ar, Ar'") be a sketch
type and V be a pool (of names).

A (7,V)-treeis defined to be a finite tree 7" whose nodes
are labeled by pairs of the form (m,d) with m € O} and
§: |Ar(m)| - V a G -morphism.

The pair labeling a node p will be denoted by (my,é,);

5;“ and JSM denote 5P[Arin(mp) and 5pfArout(mp)

respectively; V,, V" and VpoUt denote Im(dy,), Im(d;")
and Im((sgut ) respectively; p~ denotes the set of p-precessors.
Actually, each node of a tree denotes a computation
(query) whose input should be taken from outputs of com-
putations denoted by precessors nodes. The very data trans-
ferring is provided by common items (names) in the ranges
of the corresponding diagrams.
5.5 Definition. (i) A (7,V)-tree is called well-formed if
for each node p the following condition is fulfilled:

(wft) v,'cUAvilier}
where UV denotes union in the lattice of V-subobjects.

(ii) A pair of different nodes (p, q) is called independent
if VpnVy, = V"NV, Otherwise nodes are called dependent
and we write Dep(p, q).

Informally, dependency means that some output items
of the computation denoted by p should be always equal to
certain output items of the g-computation and, hence, one
has an equational constraint.

(i) Node p is called free if
(a) it is independent on other nodes, (b) Colm(V,") =

Ar'™(my) and (c) 65"" is monic in G .

A tree is called operationalif its root is a free node.

A tree is called assertional if its root is not free.

A tree is called free if all its nodes are free.

Evidently, any (7, V')-tree T' determines a 7-sketch Ske(T")
whose carrier graph V(7)) is the union of all V, when p
ranges over T-nodes and, for each m € M, Dy, = {0,| mp =
m, pis a T-node}.

In addition, the carrier graph contains a distinguished

subobject In(T) Lef ({Vs| mp € O} \ O} specifying input
data for the procedure denoted by the entire tree.
5.6 Definition. Given asignature (type) of markers, 7, a
T-specification is a pair S = (S, X') with S a finitary 7-sketch
and X a distinguished subobject of its carrier, X C |S|. X
is called the input object of S and can be endowed with a
m-sketch structure in a unique way by coupling it with those
S-diagrams marked by P-markers whose images are subsets
of X.

S is called well-formed (wf) if there is a (7, V')-tree T s.t.
S = Ske(T) and X = In(T).

5.7 Proposition. (Sketch parsing).

(i) There is an algorithm either extracting from any
given specification S= (S, X) a tree T' = Tree(S) s.t. S =
Ske(T') and X = In(T"), or terminated with failure proving
that S is not wf.

5.8 Corollary. The question of whether a given 7-
specification is well-formed is decidable.

A simple example of sketch parsing is presented on Fig-
ure 2.

7,,Il/

A B ¢ A% B
AN
r /\\Jj’ez n' (PB)’” q'" =
N }
A A A
x x A

The sketch of S The input object of S

Node | Marker Diagram
A - A
T
b1 Ui+ xl
A
as y

B —» A

T
A —> A

bg Vs
/ b3 UV
a2 A -
ay “ <=> fl %

y:1
A}
as <=> < Yy
A
-«
b b b 7
! 2 3 AL B
as | (PB) x[
ql/l
A < C

The tree extracted from S

Figure 8 Example of parsing of a ({=),(PB))-specification S

5.9 Proposition. LetS= (S, X)beawfsande: X — |A]
be a graph morphism for some 7-sketch A which is actually
an O-algebra. If e is actually a P-sketch morphism then ei-
ther there is no expansion of e to €: S — A:: Sketch,(G)
s.t. €[x= e or there is an exactly one such an expansion.

In the latter case (A, €) is called a model of (S, X).

In addition, if Tree(S) is free the second alternative al-
ways takes place.

6 Resolving marker conflicts

Mappings o; of graphs underlying local sketches into the
global graph carry diagrams over G; into diagrams over G7
with the same shape. So, there can well emerge the situation
when the same diagram D in Gy, is the image of several
labeled diagrams from local sketches, say, D = o;(D') =
o;(D") for some diagram D’ in S; labeled by a marker m’
and some diagram D" in S, labeled by a marker m”.
There are three possibilities.

e m' = m” : there is no marker conflict between dia-
grams, D is labeled by m/;

o m' # m" bul there is a greatest lower bound (g.l.b.)
m =m' Am” : this is a surmountable marker conflict

and D is labeled by m;

e m' # m" and there is no (g.l.b.) of m and m’ or,
formally, m’ Am” = L - the universally unsatisfiable



constraint : this can be qualified as a insurmountable
marker conflict which points to inconsistency of views.

After resolving marker conflicts, the graph G; can be
consistently labeled and converted into the full integrated
sketch. Note, all the mappings o;,2 = 1,...,n 4+ 1 will be-
come sketch morphisms, ie, mappings of sketches.

Analysis of even simplest constraint conflicts carried out
in [Bi86] for the case of functional and inclusion depen-
dencies shows undecidability of the problem of detecting
surmountability of conflict between views. As is was said,
marker conflicts are the sketch counterpart of the well known
in relational data model dependency problem.

Now we present two simple examples of resolving marker
conflicts. Let in the first view we have a ternary source
fir X — Yi, i=1,...,3 with keys [f1, f2],[f2, f3], and in
the second view - a separating source g: A — B (i=1,2,3),
ie, there are no keys other then the whole source) (see Figure
3 below), and correspondence equations amounts to the set
E_, ={f2 =¢1, fs = g2} . Then the integration of graphs
looks as follows:

X A K
J f“) RS N L - < hL\; %
Y fa =0 9° - B
l f3 =92 l l \
Yi Yy Y3 By By Bj Ly Ly L3 L4

with mappings o;,1 = 1,2 defined by as follows:

Mapping o1: S1 = 51 Mapping 05: S — 57
Si || f1 | f2 fa S2 || 91 | 92 g3
Sr hq ho hs Sr ho hs hy

To convert the integrated graph into a sketch one must
resolve the conflict between markers to be hang on the cou-
ple [h2, hs]: according the first view this is a key while the
second view does not constrain it. The resolution is evident
- the first view constraints is greater (more restrictive) and
hence [hz, hs] should be a key, ie, an arc marker must be
hang on it. This is an instance of a surmountable marker
conflict " and the integration looks as presented on Fig.9.

Note, the arc-marker on [h2, hs, hs] is suppressed since it
follows from the marker hung on [h2, hs].
Another example. Let the marker (m,n) hung on a node

bounds the cardinality of a class interpreting the node to be
less than n but greater than m. Then, clearly,

X(ml,nl) @ A(m2,n2) _ K(ml,nl)A(m2,n2)
X=A = )

|51.X = 55.A = SI.K|

where
(m1,n1)A(m2,n2) = { (m,n) if m = max{m,n} < n = min{mn}

1 otherwise

Thus, in the second case we have an insurmountable marker
conflict pointing that views are inconsistent.

"The situation of resolving conflict during integration as in the
example leads to the following important point: not every possible
extent of a local view whose marker was increased (view 2 in the
example) can be obtained from the corresponding extent of the inte-
grated sketch.

7 A category theory approach to metadata model-
ing

The present section aims at stating a formal framework for
data-model-independent (DMI) specification of main data
modeling concepts (schema, instance, query etc.) — a crucial
issue in handling data interoperation and heterogeneity (cf.
the problem italicized in the quotient from [16] at the end
of 4.2). We emphasize that what is required here is rather a
formal definition of abstract data model capable to support
DMI-framework for data modeling than a single unified data
model capable to simulate other models. In a sense, this
means that we need a framework for substantial speaking
about nothing.

To approach the task, we assume, first of all, that a col-
lection of abstract objects called schemas (one can think of
database schemas, or ER-diagrams or something else of the
kind) together with another collection of schema mappings
or schema morphisms are fixed so that with each schema
morphism f there are connected its source schema <f and
its target schema f; the notation f: S1 — S will just mean
that S; = «f and S2 = fr. Schemas can be thought of as
collections of items structured in a certain way (the same for
all schemas) while schema morphisms as mappings of items
of their source schemas into items of their target schemas so
that the structure is preserved.

This gives rise to a category Schema of schemas and
schema mappings, and this is all that we need to know
about database schemas. We mean that our data-model-
independent answer to the question 'what is a data schema?’
is as follows: ’a data schema is an object (node) of the cat-
egory Schema °’

What is data structured according some schema S, in
other words, a database instance over 57

Intuitively, given a schema S, an instance of a database
with this schema (further simply an instance) is a mapping
which assigns to each item of the schema its extent (eg, to
any node which is a class name there is assigned a finite set of
OIDs while an arrow is assigned with a reference (attribute)
function). A natural way to formalize this description is to
introduce a semantic ”world” schema W whose items actu-
ally are semantic constructs (like sets of OIDs and functions
between them) so that any instance could be presented as a
schema morphism e: S — W.

For example, let us think of a schema S from Schema
as a graph Gs = (NdsGgs, ArrsGs) endowed with some ad-
ditional labeling A to capture semantic meanings, and of an
arrow from Schema as a graph morphism compatible with
labels. Then an instance of S can be thought of as a mapping
which assigns sets (of object identifiers, or, of material and
conceptual objects in the world) to G's-nodes, and functions
between these sets to Gg-arrows, s.t. the intended semantic
constraints described by A are satisfied.

Indeed, if we assume

(i) existence of some (generally speaking, hereditary
finite) universe of objects, O, from which the object sets
described above to be taken, and

(ii) organize the collection of subsets of O and func-
tions between them into a "world” graph GSet(o) (or sim-

ply G(oy ) whose nodes are subsets of O while arrows are
functions,

then we could be able to consider an instance e of S as
a graph mapping G's — G (o). Thus, S-structured data ap-
pears as a subset of all graph mappings from Gg into Go:
there are mappings which are not S-instances because the
latter must be compatible also with semantic labeling A.
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Figure 9: Integration of sketches: resolution of a marker conflict

However, if we will label nodes and arrows of G in accor-
dance with their real structure thusly converting the graph
G o into a world schema W, then, since schema morphisms
are graph morphisms compatible with labeling, S-instances
will prove nothing but schema morphisms from S into W.
Well, one can argue that this construction is just a way of
expressing the ordinary definition of instance, however, it
makes possible to develop a data-model-independent frame-
work in a concise way, in particular, to define precisely what
semantic overlapping of views does mean, and how it can be
specified in schema integration ([5, 11])

So, we will assume that among objects of Schema there
is a subcollection Sem of schemas regarded as semantic so
that a database instance over S is defined to be an arrow
e: S — W for some W € Sem.

Further, as soon as a schema W belongs to Sem, its
items should be thought of as collections of elements, hence,
permutations of these elements can transform instances. In
our formal framework this can be captured by postulat-
ing presence of a new collection of arrows — mappings be-
tween instances. To wit, given S and W, there are ar-
rows between arrows from S to W which can be denoted by
m:e=>eix S W, that is, <e = 2’ = S, eb = e'b = W,
ar=e,m> =€’

These new arrows are of a quite other nature than ar-
rows between schemas, and following the categorical termi-
nology we will call them 2-arrows. Thus, the underlying
graph of Schema should be a 2-graph, and since there
are defined composition of 2-arrows and identity 2-arrows,
actually Schema is a 2-category.

What is a query over a schema 5?7 )
We can assume that a query q is specified by its schema

S, together with a mapping P,: inst(S) — inst(S,), that
is, for any instance e: S — W there is defined another in-
stance e’ = Py(e): Sq — W . Of course, actually P, is real-
ized by a computation taking e as the input and producing e’
as the output. We can add gerived items of S, to the initial

schema so that the query will be specified by the following
picture

5 cC S5us,

Thus, a query appears as an operation while any semantic
world schema W €Sem as the domain carrying this oper-
ation. On the whole, a query mechanism, say, QL, is re-
duced to a closure operator (or monad) dery,, over the
category Schema so that any schema S can be closed up
to a monstrous schema der,, S D S containing all possible

derived items produced by QL-queries. In addition, seman-
tic schemas turned out to be der,, — closed in a sense, ie,
they are endowed with mappings ti, : der,, W — W cor-
responding to computing extent of derived items. Then any
instance e: S — Wecan be extended to

e = dery, 6y : dery, S — derg, W~ W.

Thus, if an item X of derS is basic, e, belongs to S,
then €(X) = e(X) and the extent of this item is stored in the
database, while if X is derived, ie, belongs to (der,, S\ S)
then €(X) is produced by the corresponding query operation
or a composition of such operations, ie, should be computed.

A query is specified by a subschema Sq of der,, S and
the answer is the image of S, under the mapping €. ®

Now we discuss briefly the familiar genericity condition.
Informally, it means that, given a query g, for any

Tre=>er S W

one has Py(me) = w'(Pye) where 7’ is the action of the per-
mutation behind m onto Pye. Formally, this means that
actually der is a 2-monad over the 2-category Schema ,
that is, each m: e = €':2 S — W gives rise to

7T=derm: €= ¢’z derS — derW.

s.t. all necessary commutativity conditions are respected.
Thus, the structural component of an abstract data model
is defined to be a triple

M = (Schema, der, Sem)

with Schema a 2-category, der a 2-closure operator (2-
monad) over it, and Sem a collection of der-closed schemas
(more accurately, der-algebras) . Then a database instance
is an arrow e: S — Wwith W € Sem which can be ex-
tended in a unique way to the arrow €: derS — W such
that the restriction of € on S equals e. This can be specified
by the following diagram:

S C» derQL S

2 I

Now, a ( local) view (over a global schema S ) is naturally
defined as a schema morphism o,: S, — derQL S, and it is
easy to see that its virtual extent is noting but a composition

8Categorical framework allows to make notions of subobject and
image precise.



S C—» dergr, S»
QL
—>
w
S; and QL; are the schema and the query language of the ith view
o; : S; >derS;i=1,... n.

Figure 10: Meta-schema of a centralized DB with a system
of views

oy;e: Sy — W. Morphisms of the kind S; — derS:
are well known in category theory under the name of Kleisly
morphisms, they were carefully examined. So, from the cat-
egory theory view point a database view is nothing but a
Kleisly morphism of the monad specifying query mechanism.

On the whole, a centralized DB-system with a system of
views over it can be specified by the diagram presented on
Figure 10. Note, the corresponding graphical image is not
merely a picture convenient for heuristic discussion but also
a precise formal specification. A similar meta-schema can
be built to represent a general federated DB architecture
(substantially described in [27]).

The framework just outlined is close to the institution
theory framework familiar in the specification-languages-in-
programing community (see Goguen and Burstall [17]). The
essential distinction is in setting a monad over the category
of schemas (signatures in the institution theory terminology;
see discussion in [15]). On the other hand, the framework is
a categorial generalization of classical algebraic logic going
back to Tarski and Halmos (see Plotkin [24] for exposition
and DB applications).

A few basic definitions and results stating when specifi-
cations can be replaced by (Lindenbaum-Tarski) algebras in
a very general context were proved in [12]
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Name Arity Shape and Designation Denotational Semantics

X
Separating Source S/NE (Vo,o’ € X) o # o' implies fi(z) # fi(«)
for some f;
Y1 ... Ya

(Vz,z' € X) z # «' implies f(z) # f(z')

Monic Arrow t

XCY and f(z)=zforallz € X

ISA-Arrow or Inclusion

Covering Flow (Vy € Y)(Ti < n)y € fi(Xs)

Cover t Y = f(X)
Inversion My eY)f(g(y) =y
(Vz,z' € X) z # «' implies fi(z) # fi(z')
Maximal Separating for some f; and
Source (Vy1 €Y1,...,Vyn € Yy) Az € X s.t.

filz)=wv1,..., fa(z) = yn.

(Vy € YIi <n)y € fi(X:)
and

i # j implies fi(X;) N f;(X;) =9

Disjoint Covering Flow

(Vy,y' € Y1) y # ' implies

{foz:z € f7 'y} £ {faz:z € f7'Y'},
e, there is an embedding

Y, —— PowersetY; .

e-relation

Y Y

The constructions tagged with t are nothing than trivial cases of previous markers.

Table 1: A collection of diagram constraints



Table 2: A collection of diagram operations

Name Designation in Arity Shape Denotational Semantics
texts  diagrams Input sketch Output sketch
Identity Id (id) X X % (Vo € X) f() = 2
Glueing Glue " X X%»U U={x}; (VoeX)f(z)=x
I ;Z» Y
pay
N _ .
Image Im {Im) X_f>y I @*\ I={f(z): v€ X}
(Vo € X) f'(z) = f(o)
X
7 g2 v
g2
7 ——»Y \//\
.. g1 5
Composition ; (=) 91 i (Vz € X) f(z) = g2(91 (2))
X
o I,
Equivalizer Eqvr (Eq) X 4+ Y E={reX fr=gr}
g
!
C—= A
Push-Out S={(a,1):a€e (A\C)}U
(of  TSA- PO (P0) g {(b,2) : b€ (B\ C)}u
arrows) {(¢,3):c€ C}
B
Universal (Vs € 5)
Arrow  of UAPO <'> A i(a) if s = (a,1),
PO ” u(s) = j(b) if s = Eb,zg,
i(e) =j(c) ifs=(c3
C
rR—Lsa
Pull-back PB (PB) q (PB) |t R ={(ab)€ AxB: fa=gb}
g p, q are projections
B——» X
B B .p
Coimage Colm {CoIm) b’|| {Colm) B'={r€ X: fr€ B}
f f f' = restriction of f on B’
X ——>Y X ——>Y

Following the tradition, we will often omit the marker of composition. So, (=) can be con-
sidered as the default marker. In contrast, the diagrams not assumed to be commutative are

marked with puncture sign -\~




